Surface Enhanced Raman Scattering (SERS) and Surface-Enhanced Fluorescence (SEF) are studied within the framework of modified Spontaneous Emission (SE), and similarities and differences are highlighted. This description sheds new light into several aspects of the SERS electromagnetic enhancement. In addition, combined with the optical reciprocity theorem it also provides a rigorous justification of a generalized version of the widely used SERS enhancement factor proportional to the fourth power of the field (|E| 4 ). We show, in addition, that this approach also applies to the calculation of Surface-Enhanced Fluorescence cross-sections thus presenting both phenomena SERS and SEF within a unified framework.
I. INTRODUCTION
The emission properties of a dipole are affected by its environment. This fact was first pointed out by Purcell [1] and has since then been demonstrated experimentally in a wide range of experimental situations; for example for excited Eu 3+ ions in front of a plane metallic surface, as in the original observation by Drexhage [2] , or for Rydberg atoms in an optical cavity [3] . This effect can be particularly strong in close proximity of metallic structures [4, 5, 6] . It is evident in the modification (quenching or enhancement) of spontaneous emission (SE) rates [7] . Although this effect has been assumed for some time to lead to a strong quenching of the fluorescence, instances of enhanced fluorescence have been reported more recently for dyes [8] , and even for quantum dots [9] , so-called SurfaceEnhanced Fluorescence (SEF) or Metal-Enhanced Fluorescence (MEF). Such enhancements have been known for some time and are even more spectacular in Surface Enhanced Raman Scattering (SERS) [10] . SERS has regained interest lately following the observation of single molecules [11, 12] , and possible applications in biology/analytical chemistry [13, 14] and nano-plasmonics [15] . SERS enhancement factors as large as 10 15 have been reported and are believed to be mainly electromagnetic (EM) in origin, although the detailed mechanism is still debated. It is widely accepted that localized surface plasmon resonances give rise to places with large local field enhancement factors |E Loc /E 0 |; so-called hot-spots. In most cases the SERS signal is assumed to be proportional to the power of 4 of this factor [14, 16, 17] : a power of two accounting for the excitation part, and a power of two for the emission. This assumption, although widely used in particular to explain the enhancements required for single molecule SERS, has never been rigourously justified, as we shall show in the forthcoming discussion.
Numerous theoretical studies have concentrated on the modification of SE rates inside dielectric materials, perfect or absorbing, and close to boundaries with dielectrics or metals. Optical cavities, and similarly photonic crystals, can also strongly enhance, suppress, or redirect the SE field of an atom [3] . Most available results in the literature relate to SE rates in simple geometries such as plane boundaries, spheres, or ellipsoids. Only recently, methods have been proposed for SE rates in more complex nano-structures [18] . Scattering processes (elastic or inelastic) by an atom are in many ways similar to spontaneous emission. Excluding stimulated processes, the scattering of a photon by an atom involves the 'spontaneous' creation of a photon in a mode where no photon existed before. One therefore expects a modification of the scattering cross-section in a similar way as SE rates are modified by the environment. The difference between these two processes only lies in the initial state, to wit: excited atom with no photon for SE, or atom in ground state with one incident photon for the case of scattering. Fluorescence is also in many respects similar to scattering. The crucial difference is that scattering is instantaneous while fluorescence is a stepwise process involving absorption, energy relaxation, and spontaneous emission.
It is one of the purposes of this paper to highlight the similarities, and discuss the differences between SE, SEF, and SERS for atoms or molecules in close proximity of metal surfaces. These aspects have been discussed in reviews, in the past [4, 5, 6 ] and more recently [8] , but usually focusing on one specific process. The emphasis will be put, therefore, on the relationships between these processes presenting them under one single framework in a more modern context. In particular, the various methods for calculating SE rates and cross sections, some of them common and others more novel, are described in detail. The description is kept as simple as possible to emphasize the physical aspects. For this reason, we constrain our description to classical electrodynamics with a local dielectric function. We also use isotropic polarizabilities whenever necessary to avoid complicated tensorial notations. The results are illustrated by simple examples of emitters close to a silver sphere. The main advantage is that it does not rely on any approximation for the solution of the electromagnetic problem, since analytic expressions (not discussed here) can be obtained from Mie theory [19] . These choices do not affect the generality of the results and the methods described here can be used for complex geometries provided that a suitable method -usually numerical-is available to solve the electromagnetic problem.
Finally, particular emphasis will also be given to the EM enhancements in SERS. We derive a general formula for the SERS cross sections in the framework of modified SE rates. It highlights the importance of nonradiative vs. radiative enhancements and also emphasizes the strong similarities between SERS enhancement and enhanced SE which, by the same token, requires to reconsider the origin of the fluorescence quenching under SERS conditions. In addition, the optical reciprocity theorem [20] is used to show that these results are consistent with a generalized version of the commonly used |E| 4 factor in SERS, with certain (generally overlooked) limitations.
The paper is organized as follows: in Sec. II, we discuss modified SE rates and the various ways of calculating them. In particular, we highlight the use of the optical reciprocity theorem as a method for calculating SE rates, a technique that has not received the attention it should deserve. The modification of the quantum yield of a fluorophore is also discussed. In Sec. III, we apply these arguments to the determination of SERS cross-section. We use the reciprocity theorem to derive a generalized version of the common |E| 4 enhancement factor, and show a simple example where this factor would lead to erroneous results. Similar arguments are applied to obtain a simple description of SEF. It is shown that fluorescence quenching or enhancement are usually both possible, depending on the relative contribution of two competing mechanisms, namely: absorption cross-section enhancement and non-radiative quenching. Finally in Sec. IV, we discuss the differences and similarities between SE rates and SERS cross sections. Some common aspects of SERS, such as fluorescence quenching or the presence of an inelastic continuum, and other outstanding issues (such as vibrational pumping) are revisited within this new approach.
II. MODIFIED SPONTANEOUS EMISSION
Spontaneous emission is an intrinsically quantum effect, where a dipolar atomic transition couples to the vacuum state of the electromagnetic field. This coupling can only occur with the quantized electromagnetic field, where the vacuum state has a zero-point energy and exhibit quantum fluctuations. However, because of the difficulties in the quantization of the field in complex structures, the modification of SE rates is most often studied within a semi-classical model of an oscillating electromagnetic dipole [4] . This leads to results in agreement (in most cases) with experiments and with the full quantum mechanical treatment when possible. Several complementary techniques can also be used; the first of which considers the self-reaction field and is closest to the quantum treatment (and can be shown to be formally equivalent in most cases). The latter enables the derivation of a decay rate but does not distinguish between radiative and non-radiative processes. To avoid this problem, one can use a second technique based on the Poynting vector, which emphasizes energy conservation. We review here the derivation and main results of these two methods. We then describe a third approach, which has hardly been used in the past, but will be important in connection with the SERS cross sections.
SI units are used throughout the paper. Results from these three approaches are illustrated by considering a dipolar emitter at a short distance d = 1 or 2 nm from the surface of a silver sphere. Standard Mie theory [19, 21, 22] was used to derive these results, and the environment is assumed to be vaccuum (ǫ r = 1). The (local) wavelength-dependent relative dielectric function of silver was approximated by:
where ǫ ∞ = 4, λ p = 141 nm, Γ = 17000 nm. These parameters provide the best Drude fit for the real optical properties of Ag.
A. Spontaneous Emission and self-reaction
Within the classical treatment, SE can be seen as an effect of the self-reaction, i.e. the electromagnetic field E SR created at the dipole position by itself, either directly or through its interaction with the environment (reflected field). We consider a dipole d = de d , oscillating at a frequency ω (an e −iωt dependence is assumed for the fields). The self-reaction field can be written as E SR = G(ω)d, where G(ω) can be viewed as the self-reaction Green's tensor, obtained by solving Maxwell's equation with the appropriate boundary conditions.
The SE rate can then be calculated from [18, 23] 
which can be derived from quantum arguments [23] . The parameter d should be taken to be the dipole moment of the transition d (|b ) and ground state (|a ). However, Γ can be evaluated using Eq. 2 from the classical calculation of the Green's tensor [23] . For example, for an atom in free space, it can be shown [24] that G 0 (ω) = G 0 (ω)1, with
which leads to the usual spontaneous emission lifetime:
The reason why the classical self-reaction Green's tensor G(ω) can be used to determine Γ is that it is intricately linked to the vacuum fluctuations through the quantum fluctuation-dissipation theorem [23] .
In the presence of boundaries, in particular close to metallic surfaces, the self-reaction field and therefore the SE rate can be strongly modified. One can then write G = G 0 + G r , where G r corresponds to the self-reaction due to the field reflected by the boundaries at the dipole position. This can be calculated by solving Maxwell's equation for the dipole emission in the presence of boundaries. The SE rate enhancement factor is then derived from Eq. (2) and reads
where Im(G 0 (ω)) is given by Eq. (3).
It is important to stress that M Tot here corresponds to the modification of the total decay rate of the emitter. M Tot can also be rewritten as P Tot /P 0 , where P 0 is the power emitted in free space, and P Tot is the total power extracted from the dipole in the presence of the metal. In most situations, especially with metals, only a fraction, P Rad , of this power is radiated in the far-field, while the remainder, P NR , is absorbed by the environment. In most measurements, only the radiative enhancement is measured: P Rad /P 0 . However, the emitter does experience a total decay rate enhancement given by M Tot . This can in principle only be observed directly in a time-resolved experiment [7] . Moreover, a large value of M Tot does not necessarily imply a large radiative enhancement, in particular in the presence of absorbing media such as metals [7, 18, 23] . The main inconvenience of the approach described above is therefore that it does not lead to any information about the radiative properties.
B. The Poynting vector approach
Another possible semi-classical approach is to directly calculate the power P Tot extracted from a classical dipole d cl and deduce The surfaces CTot and C Rad are used to evaluate PTot and P Rad within the Poynting vector approach. In the top-right corner we depict the radiation field and its components, which will play a role for the formulation of the optical reciprocity theorem. See the text for further details.
where
is known from classical electrodynamics [25] . P Tot can be estimated by solving Maxwell's equations for the dipole in the presence of the boundaries and then integrating the flux of the Poynting vector, S, through a closed surface outside the dipolar source [4, 18, 22] . Let us consider a dipolar emitter (in vacuum) located close (but not inside) to one or several finite size metallic objects. The situation is depicted schematically in Fig. 1 . We can draw a surface around the emitter, C Tot , small enough to enclose no absorbing media, and calculate the flux of the Poynting vector, P Tot , through this surface. Because of energy conservation (no absorption inside this surface), P Tot must be equal to the power extracted from the dipole by the EM field P Tot = −0.5 × Re(iωd * · E). From this expression and using the definition of G and the value for P 0 , one sees that Eq. (6) is exactly equivalent to Eq. (5) obtained from the self-reaction approach. The two approaches are therefore fully consistent owing to energy conservation (when the dipole is assumed to be located in a non-absorbing medium). Note that the self-reaction approach, thanks to its direct link with the quantum treat-ment, can be used to calculate the absolute decay rate, Γ or Γ 0 , as in Eq. (4). The Poynting vector approach, however, only yields the relative decay rate (enhancement factor), Γ/Γ 0 . This is not a limitation here, since we are interested precisely in this decay rate enhancement.
Besides, the Poynting vector approach also yields additional information, namely: the non-radiative decay, the radiated power, and its angular dependence (radiation pattern) [4, 18] . In the situation of Fig. 1 , where the dipole environment is bounded, one can enclose the emitter and all absorbing media in a large sphere, C Rad , and calculate the power outflow on this surface, which corresponds to the power radiated by the source in the far-field, P Rad . Moreover, if this surface is sufficiently far from any objects and sources, such that the lines of the Poynting vector are approximately radial (radiation field), then one can also obtain dP rad /dΩ(θ, φ) = r 2 Re(S · e r ), i.e the power radiated per unit solid angle, and deduce the angular radiation pattern. Finally, from the solution of the EM field inside the absorbing media, it is also possible to calculate the total absorbed power, P NR , which corresponds to non-radiative losses. Alternatively, one can also use energy conservation, which ensures that P Tot = P Rad + P NR , to obtain the absorbed power from the other two magnitudes. This technique therefore enables us to calculate the radiative enhancement M Rad = P Rad /P 0 , and the radiative efficiency η Rad = P Rad /P Tot . These two quantities can also be defined and calculated as a function of angle (θ, φ). It is interesting to note that a large radiative enhancement can coexist with a small radiative efficiency, and vice-versa, depending on the weight of non-radiative processes. What is measured in experiments is usually either the radiative SE enhancement M Rad , or the angle dependent radiative enhancement M Rad (θ, φ). The total SE rate enhancement or decay rate M Tot (radiative+ non-radiative) can only be measured in time-resolved experiments.
C. Some simple examples
The problem of an emitter close to a metal surface has been studied extensively in the simple case of a plane surface with various degrees of refinement [4, 26, 27, 28, 29, 30] . Few studies have, however, focused on the regime of small distances between emitter and metal (a few nanometers). In principle, the non-local description of the dielectric function fails at such small distances. However, because of the difficulties of solving the non-local EM problem in complex structures, it is useful to consider the local problem to obtain qualitative and semi-quantitative results. Close to a plane, M Tot can be very large, for example of the order of 10 6 at the Surface Plasmon (SP) resonance (Re(ǫ r ) ≈ −1) of noble metals. However, the radiative enhancement is then (at best) of order∼1, sometimes much smaller. Most of the energy is therefore emitted into non-radiative modes, The peak in M Rad red-shifts with increasing a and corresponds to the surface plasmon resonance of the sphere, which is geometrydependent. Note also that enhancements are larger at resonance for the smallest spheres. The peak in MTot does not change with a and remains at 315 nm. This corresponds to the condition Re(ǫ) ≈ −1 and is the intrinsic surface plasmon resonance of a plane silver surface. As can be seen in the plots, this resonance is strongly non-radiative, while the sphere resonance is radiative in essence.
and is eventually dissipated in the metal. These modes have been shown to correspond to non-radiative Surface Plasmon Waves (SPW). Although this identification requires a non-local treatment, the study of the relative contribution of radiative vs non-radiative decays is already contained in the local approximation; this is precisely what is important for the study of processes such as SE, SEF, and SERS. These studies on plane metallic surfaces are the origin of the common belief that fluorescence is always quenched close to metals. We will show here that more complex metallic structures, in particular nano-particles, can lead to enhancements with a large radiative component.
To understand this, we show in Fig. 2 the wavelength dependence of M Tot and M Rad for a dipole perpendicular to the surface of a silver (Ag) sphere. The results are shown for three sizes of spheres with radii a = 15, 25, and 40 nm, respectively; typical for colloidal Ag. Varying the radius enables to understand the role of the main dipolar surface plasmon resonance of the sphere, which red-shifts from about 350 to 380 nm as the size increases. M Rad clearly exhibits maxima at the SP resonances. On the opposite, M Tot remains virtually unchanged for all sizes, peaking at 315 nm (Re(ǫ r ) ≈ −1), corresponding to the intrinsic SP resonance of a plane Ag surface. This can be understood simply: the sphere SP resonance is radiative, and leads to a larger M Rad when the dipole couples to it efficiently. This resonance is strongly geometry dependent, and is red-shifted for larger objects, or for coupled objects such as two closely-spaced spheres. However, the intrinsic Ag SP resonance at 315 nm is always strongly non-radiative. It is related to the strong reflected field created by the dipole image. This is independent of geometry because the surface is approximately a plane when viewed from the dipole at very short distances. The intensity of the reflected field is however strongly dependent on the distance d of the dipole from the surface, and decreases as d −3 . This interpretation is further confirmed in Fig. 3 where the results for two distances, d = 1 and 2 nm, are compared. The expected dependence of M Tot with distance is clearly observed, while M Rad remains virtually unchanged. This reflects the fact that M Tot is dominated by the dipole image reflected field (strongly distance dependent), while M Rad depends primarily on how well the dipole emission couples to the radiative SP resonance of the sphere. This coupling is not strongly sensitive to distance, but should however be sensitive to the dipole orientation. This is also illustrated in Fig. 3 where perpendicular and parallel dipoles are compared.
Finally, we can also identify from Figs. 2 and 3 the situations where the radiative enhancement is the largest. First, dipoles perpendicular to the surface present larger enhancements than those parallel to it. Moreover, as already pointed out, M Rad is maximum at the SP resonance of the sphere, which is size-dependent. At this maximum, M Rad is largest for the smallest sphere, with values of ≈ 1100 for a = 15 nm, down to ≈ 470 for a = 25 nm and ≈ 120 for a = 40 nm. For a given radius, M Rad varies little with d, down to ≈ 380 for d = 2 nm, or ≈ 210 for d = 5 nm (for a = 25 nm). However, because M Tot decreases strongly, the radiative efficiency
The previous discussion about metal spheres can be generalized to more complex structures. However, to be quantitative, the solution of the EM problem usually requires some approximations or the use of numerical methods, which are outside the scope of this paper. It is expected that suitable structures could lead to radiative enhancements much larger than those for a sphere. For example, in a recent study [18] , numerical methods and the Poynting vector approach were applied to closely spaced gold nano-particles. Values of M Rad up to 2 × 10 5 were calculated for a dipole placed at a junction between two nano-particles. Here we are sacrificing examples with larger enhancements for the convenience of having an analytic solution to the problem through Mie theory. FIG. 3: Total (MTot) and radiative (M Rad ) SE rate enhancements for a dipole close to a silver sphere of radius a = 25 nm, as a function of wavelength. The results are shown for dipoles either perpendicular or parallel to the sphere surface, and at a distance d = 1 or 2 nm. The total rate enhancements are strongly increased as the dipole gets closer to the surface, while the radiative enhancements do not change much. These plots were obtained using an extension of Mie theory, following Ref. [22] . M Rad is obtained from the Poynting vector approach, and MTot from the self-reaction approach. See the text for further details.
D. Using the Reciprocity Theorem
The two previous approaches require to solve Maxwell's equations for the dipolar singularity in the presence of boundaries, either numerically or analytically. This can present some problems. Analytically, the dipolar singularity can significantly complicate the problem (for example for a dipole near a sphere [22] ). Numerically, singularities are not always straightforward to introduce. An additional inconvenience is that the problem needs to be solved for each dipolar position and orientation that one wants to study. We introduce here a third approach, based on the optical reciprocity theorem, which can circumvent some of these problems. The optical reciprocity theorem (ORT) states [20] that the field E created at a given point M by a dipole d (at point O) is related to the field E 2 at O created by a dipole d 2 at M according to
The validity is very general, and in particular in the presence of absorbing dielectrics or metals (assuming a local dielectric function). We show here that this enables to derive the far-field properties of the emitter in a given direction from the solution of two Plane Wave Excitation (PWE) problems, without any source singularities.
We consider our dipole d at O in Fig. 1 , and focus on its far-field emission at a distance R in direction e r defined by angles (θ, φ). The radiation field is transverse (no radial component) and can be decomposed into two components, E θ and E φ , along unit vectors e θ and e φ . The Poynting vector is S = (ǫ 0 c/2)|E| 2 e r . To apply the ORT, we consider first the problem of a dipole
where E 2 is the field created by d 2 at O. For sufficiently large R, the field of this dipole in the region of interest can be approximated by a plane wave propagating along −e r , polarized along e θ , and with amplitude
We can now choose d 0 so that E P = E 0 . The problem therefore reduces to solving Maxwell's equation for excitation with a plane wave polarized along e θ , propagating along −e r , and of amplitude E 0 . We denote E PW−θ the field at O for this plane wave problem and the ORT then yields for the θ component of the radiation field of d at M:
A similar expression is obtained for E φ , but note that it requires the solution of a different PWE problem with polarization along e φ . The time-averaged power radiated per unit solid angle is then
It is easy to verify that the above expression is fully consistent with that of an isolated dipole in free-space, yielding the same expression as from a standard approach [25] . We can therefore write the angle-dependent radiative enhancement as
where E PW−θ and E PW−φ can be obtained from the solution of two different PWE problems. The important result to highlight here is that the radiative property in a given direction of a dipole in a complex environment can be obtained by modelling two PWE problems, without a dipolar singularity. Eq. (10) shows that the far-field emission of a dipole in a given direction is in some way related to the local field enhancement factor M Loc = |E| 2 /|E 0 | 2 for PWE from this direction. This will be the basis for a the generalization of the |E| 4 SERS enhancement in the next section.
We illustrate the use of the ORT approach in Fig. 4 . The angle dependent radiative enhancement in direction −e z is calculated for dipoles located at point A (see inset) with 3 different orientations. The results are compared to calculations of the local field enhancement factor M Loc = |E| 2 /|E 0 | 2 for PWE along e z . Local field and radiative enhancements are nearly identical for a perpendicular dipole, but clearly differ for other orientations. This highlights the difficulties of using purely a local field enhancement approach to the problem of radiative enhancement. The two approaches can be reconciled by the application of the ORT as given in Eq. (10). We conclude this section with a few remarks:
• In principle, it is also possible within this approach to obtain the total radiative enhancement M Rad by integrating M Rad (θ, φ). However, it is often not practical and the Poynting vector approach is usually better suited for this.
• This approach, contrary to the previous two, yields no information on the total decay enhancement M Tot or decay to non-radiative modes.
• This approach has hardly been used in the past [31] , but is actually well suited to many experimental situations where only radiative properties are of interest and where detection is performed in only one direction. We shall come back to it when discussing SERS cross sections.
• We would like to stress that the ORT as stated above does not have, to our knowledge, any direct physical meaning. Its expression,
looks like a statement about interaction energies between the two dipoles. However, one would need the complex conjugates of the fields (or the dipoles) to be able to translate this in a statement about the interaction energy of each dipole with the field of the other. The demonstration of the ORT [20] does not involve, in fact, the interaction energy. Moreover, the ORT considers the solution of two independent problems with a single dipole and not the problem of the two dipoles at the same time, thus avoiding mutual self-reactions. For these reasons, the ORT has to be viewed as mathematical symmetry relation embedded in Maxwell's equations, which relates the field solution of two independent electromagnetic problems.
E. Quantum yield of a fluorophore
Many applications make use of fluorophores, sometimes in complex environments. There are two important characteristics of a fluorophore: its absorption crosssection and its quantum yield, both of which can be modified by the environment. Using the previous arguments, we focus here on the modified quantum yield. The absorption cross-section will be discussed later in the context of Surface-Enhanced Fluorescence (SEF).
The fluorescence quantum yield is the proportion of the population of excited electrons that decay radiatively to the ground state, hence producing a detectable photon. It is related to the radiative decay rate Γ Rad , but other (non-radiative) decay paths can exist in a molecule, even in free-space. This intrinsic decay is characterized by a rate Γ int NR . For an excited electron, there is competition between these two mechanisms. In free-space, we assume Γ Rad = Γ 0 and the quantum yields is then
Close to a metal surface, there are two effects that will affect the quantum yield: (i) the radiative decay rate Γ Rad is modified by a factor M Rad , and (ii) there is an additional non-radiative path corresponding to emission into dissipative modes in the metal, with rate Γ NR = (M Tot − M Rad )Γ 0 . We can rewrite the modified quantum yield as:
Using the notations of the previous section and the expression for Q 0 , this can be expressed as
At short distances from the metal surface (< 10 nm), M Tot is typically much larger than 1. For a typical fluorophore with a reasonable quantum yield, M Tot will completely dominate the expression in the denominator. The modified quantum yield becomes entirely governed by the interaction with the metal, and all fluorophores should therefore exhibit the same quantum yield. This aspect will be discussed further in the context of SEF.
III. SERS CROSS-SECTIONS
A. Scattering processes Scattering processes (elastic or inelastic) are, in many ways, similar to SE. Excluding stimulation, the scattering involves the 'spontaneous' creation of a photon in a mode that was empty. One expects a modification of the scattering cross-section in a similar way as SE rates are modified by the environment. As pointed out in the introduction, the difference between these two processes lies in the initial state: (i) excited atom with no photon for SE and (ii) ground state with one incident photon for scattering. In the classical description of scattering, one can formally distinguish between excitation and reemission (even though scattering is intrinsically one single process). Using the concept of polarizability, α, (for example Raman or Rayleigh polarizabilities), the excitation part is described by the creation of an induced dipole d = αE Loc , where E Loc is the electric field at the scatterer position. The re-emission problem of this dipole d can then be treated using the same tools as that developed in Sec. II.
There is, however, a fundamental difference in the physical interpretation of the enhancement factors. M Tot = P Tot /P 0 characterizes the ability for the environment to extract energy from the dipole, as compared to free-space. For SE, this corresponds to a modification in the total decay rate of the emitter. For scattering, because the process (excitation+re-emission) is instantaneous, this corresponds to a modification of the crosssection. We define here the total scattering cross-section as
is the incident flux of the excitation wave (power per unit area), and P Tot is the total power extracted from the induced dipole, as in Sec. II. The standard definition of scattering cross-section [25] corresponds to the radiative scattering cross-section:
and similarly, the differential radiative scattering crosssection:
We emphasize here the importance of distinguishing between σ Rad and σ Tot . The difference is similar to the situation in SE between total and radiative decay rates. σ Rad corresponds to the radiated scattered field which can be measured experimentally in the far-field. σ Tot includes σ Rad , but in addition accounts for non-radiative scattering events. These events are not observable in the farfield, but they are indeed experienced by the scatterer. For Raman scattering, it corresponds therefore to the creation of a phonon, and to the emission of a Stokes shifted photon, even if this photon is then absorbed by the environment and not detectable in the far field. This will be important later when discussing vibrational pumping in SERS. This a similar situation as in modified SE, where an increase in the total decay can be experienced by the emitter (and measured in time-resolved measurements), despite the fact that only radiative enhancement is measured in the far-field. In Raman scattering, the scatterer is excited at a frequency ω L , but the induced dipole oscillates at a different frequency ω R . The difference in energy corresponds to the creation (Stokes process) or destruction (Anti-Stokes process) of a phonon (or vibration). The previous arguments can be easily adapted to the presence of two different frequencies, one for excitation (ω L ), and one for re-emission (ω R ). This enables us to address specifically in the following the SERS-EM enhancement in the context of SE.
B. Local field enhancement factor
In the presence of a dielectric or metallic environment, the field E Loc at the scatterer position is usually different to the incident field E 0 . Under certain conditions, in particular close to metallic surfaces, it is well known that the local field intensity at the surface can be much larger than that of the incident field, leading to a local field enhancement factor M Loc (ω L ). This factor is present for all linear optical processes, such as absorption or scattering. For Raman scattering, it is related to the excitation of the Raman dipole and will depend on the exact Raman tensor of the probe. We only consider here two simple and common cases. For an isotropic Raman tensor, the induced Raman dipole is simply d = αE, and
For a uni-axial tensor, with a fixed axis along e d , the induced dipole is then d = α(e d · E)e d and
This enhancement has been studied for many geometries using various approximations. Large values of M Loc are associated with localized surface plasmon resonances at certain wavelengths. They are also typically highly localized, i.e at the junction of two closely spaced nanoparticles. We showed in Sec. II D that these resonances are closely related to the radiative SP resonances observed for M Rad . M Loc can be estimated to be ∼ 100 − 1000 at the surface of an Ag colloid at the plasmon resonance energy. Larger values (10 5 − 10 6 ) have been predicted at the junction of two particles, or at sharp corners. For interacting particles the collective resonance is also red-shifted.
C. SE approach to SERS cross sections SERS corresponds to Raman scattering in close proximity to metallic surfaces, in particular, silver (Ag) and gold (Au). Under the right conditions, a large enhancement is observed in the Raman signal, with apparent cross-sections being as large as 10 15 times larger than the normal cross-section. The local field enhancement factor M Loc can be as large as 10 5 − 10 6 , but such values are still too small to explain the large reported SERS cross sections. The problem is that M Loc describes well the enhancement associated with the excitation of the molecule, but not the re-emission process. The most common assumption in SERS is that
where M Loc (ω R ) is used to model the enhancement associated with re-emission. This is the so-called |E| 4 -enhancement and enables to explain easily values up to 10 12 . However, this approach has not been carefully justified to the best of our knowledge. A few old studies use a proper description of the dipolar emission in the vicinity of metal surfaces, but analytical results are possible only for a single (very small) spheres, where a relation of the type M Loc (ω L )M Loc (ω R ) is obtained [32, 33] . The first factor corresponds to excitation while the second comes from the field emitted by the dipole and scattered by the sphere. The optical reciprocity theorem has been cited as a possible general justification of this factor [17] without further details.
The treatment of SERS in the framework of modified SE modification in fact shows that the SERS radiative cross-section enhancement should be derived from Eq. (16):
This seems in stark contrast with the standard |E| 4 approach. The difference stems in the second (re-emission) term: M Rad (ω R ), instead of M Loc (ω R ), which can be calculated using the tools of Sec. II. These two terms have a priori nothing in common. . The only relation is through the orientation of the Raman dipole, which is determined by the excitation and can affect the value of M Rad (ω R ). However, we will now show using the optical reciprocity theorem that the two approaches can be equivalent under certain conditions. This enables, accordingly, a rigorous justification of the |E| 4 factor and defines precisely its conditions of validity.
D. Generalization of the |E| 4 factor
In Sec. II D, we used the ORT to give an alternative expression for the radiative enhancement. The angle-dependent radiative enhancement M Rad (θ, φ) was derived from the solution of two plane wave excitation (PWE) problems. The expression obtained in Eq. (10) resembles that of M Loc in Eq. (19) , and is the basis for the justification and generalization of the |E| 4 factor. However, because it applies to angle-dependent radiative enhancement, an integration is required for the total radiative enhancement and would lead to:
where e d is the orientation of the Raman dipole defined by the Raman tensor and the local field polarization. This expression, although fairly general, has usually no interest in practise because of its complexity. It would indeed require to solve PWE problems for plane waves incident from all possible directions (θ, φ). However, in most experimental situations, the SERS signal is detected in the far field in only one given direction (θ d , φ d ). The excitation and detection directions depend on the specific scattering configuration and usually correspond to a small solid angle defined by the numerical aperture of the collecting optics. The physical quantity relevant to the problem is therefore the differential radiative SERS cross-section in the detection direction, σ d Rad . Using Eq. (10), the SERS enhancement factor in this direction is then given by
For simplicity, we will focus on the most common SERS setup, namely the back-scattering (BS) configuration, where excitation and detection are along the same direction, say (Oz). We also assume that the incident wave is a plane wave polarized along (Ox). As before, the use of the ORT requires to find the solution of two plane wave problems, with polarization along (Ox) and (Oy). We denote E PX and E PY the electric fields at the scatterer position for the solution of these two problems. We can then write the BS radiative SERS enhancement factor as
which has some similarities with the conventional |E| 4 factor. However, the standard |E| 4 factor, which would be here proportional to
requires the solution of only one plane wave problem, with polarization along (Ox). Since PWE problems along (Ox) and (Oy) are two independent EM problems, one concludes that there must be some information missing in the |E| 4 approach, which is therefore at best an approximation.
The exact form of this expression can be further simplified by considering specific Raman tensors for the probe. For an isotropic Raman tensor, we have
For the common case of a uniaxial Raman tensor, the induced Raman dipole is 
From the derivation of Eq. (10), one actually sees that the first term in the above expressions corresponds to detection with a polarizer along (Ox), parallel to excitation, while the second is that for a polarizer along (Oy), perpendicular to excitation. The first term is equal to the conventional |E| 4 factor. We conclude that this factor can be exact, for example if all the following conditions are met: (i) plane wave excitation, (ii) back-scattering configuration, (iii) polarized detection parallel to excitation, (iv) isotropic or uniaxial Raman tensor. The reason for the first condition is actually quite natural. An emitting dipole cannot distinguish the type of excitation being used. Therefore, the re-emission part is always identical, say for plane waves or Gaussian beams. However, the local field enhancement can change from one type of excitation to another, and the |E| 4 approach cannot be true for both. If condition (iii) is not met, for example for non-polarized detection, the |E| 4 factor should be in most cases a good approximation, at least for the order of magnitude of the enhancement. However, to study depolarization effects, the standard |E| 4 factor is not adequate and the full treatment given above is necessary. Similarly, for other scattering configurations, for example at 90 degrees, the standard |E| 4 can lead to erroneous conclusions. This emphasizes one important conclusion of this study often overlooked in the past: accurate SERS enhancement calculations are only possible if the Raman tensor of the probe and the scattering configuration are clearly specified.
E. SERS depolarization ratios and the |E| 4 factor
One clear illustration of the failure of the |E| 4 factor is in the calculation of SERS depolarization ratios. We here focus on the simplest canonical example of a metallic silver sphere covered by a continuous distribution of probe molecules on its surface. Simple analytical expressions could be obtained in the electrostatics approximation, but we give here exact results, calculated using Mie theory [19, 21] . Two situations are considered: (i) molecules with an isotropic Raman tensor, and (ii) molecules with a uni-axial Raman tensor. In the second case, the axis needs to be specified, and we assume that for each molecule it is fixed and perpendicular to surface of the sphere (this corresponds to a fixed adsorption geometry). Choosing the back-scattering geometry along direction (Oz), excitation is polarized along (Ox) and detected with polarizer along (Ox) (parallel) or (Oy) (perpendicular). The parallel and perpendicular intensities are evaluated by integrating the intensities on the sphere surface, to account for the contribution from all molecules. According to the previous section, the depolarization ratio R = I ⊥ /I for the isotropic case is given by:
Using the conventional |E| 4 factor, combined with standard techniques of depolarization scattering, one would obtain:
For the perpendicular uniaxial case, these relations are:
and
For simplicity, we also make the common assumption of a negligible Raman shift: ω L ≈ ω R . Despite the apparent similarities between the ORT and |E| 4 expressions, they are actually very different. Note in particular the difference in the numerators. In the first case, one needs to solve a second PWE problem with polarization along (Oy) to obtain E PY , while in the second, one PWE problem is sufficient and the solution is simply projected onto e y . This conceptual difference leads to drastically different predictions, as shown in Fig. 5 , where the two models are plotted as a function of wavelength. In the uniaxial case, the |E| 4 approach predicts a constant (wavelength independent) ratio of 1/5, whereas a ratio of 1/3 is predicted from the ORT approach. For the isotropic tensor, the behavior at the surface plasmon resonance of the sphere is simply the opposite. The standard |E| 4 approach predicts a ratio increasing to ≈ 0.7, while the generalized approach predicts a decrease close to 0. Such discrepancies are also likely for depolarization ratios calculations in more complex geometries; a subject which will be explored in further detail in a forthcoming publication.
F. Image dipole enhancement
Before discussing these results any further, we would like to mention an additional enhancement mechanism, which we have neglected in the previous considerations, namely: the image dipole enhancement. This does not apply to SE, but is present for many other processes, in particular absorption and scattering. This mechanism has been discussed in the past [34, 35, 36] , but has since then been overlooked. It actually appears naturally when considering SERS in the framework of modified spontaneous emission. For SE, the self-reaction field modifies the ability of the dipole to radiate energy. Although the 're-emission' enhancement in SERS follows the physics of modified SE we have to consider an additional ingredient: in SE the dipole is already in an 'excited' state with a fixed dipole amplitude, whereas for scattering, the dipole is constantly driven by an external field. A constant source of energy is then readily available from the laser. The self-reaction field can therefore, in addition, oppose or amplify the dipole amplitude (fixed by the dipole moment in SE). This leads to the concept of effective polarizability. We assume in this section for simplicity that the molecular polarizability and self-reaction tensor G r are isotropic. The dipole is driven by both the external and reflected fields, which leads to a modified polarizability of the form [34, 35, 36] 
which in turn leads to an additional enhancement (or quenching) factor
For a dipole near a metallic plane, the self-reaction field in the electrostatics approximation corresponds to the field created by an image dipole and we have
for a dipole perpendicular to the surface (half of this result for a parallel dipole). M Im can therefore be called the image dipole enhancement factor. This factor now involves both the real and imaginary part of G r . The same effect applies to SERS through the effective Raman polarizability. This has been studied in the past [34, 35, 36] and leads in the first approximation to an additional enhancement M Im (ω L )M Im (ω R ). The image dipole enhancement factors had been proposed in the past to explain SERS enhancements [34, 35, 36] but were then thought to be too small and have not been since then part of the main discussions in the field. One reason is that it has so far been studied mainly for plane metallic surfaces. In Sec. II C, we have shown that for a sphere or more complex structures, radiative enhancements can be large and form a substantial part of M Tot . From Eq. (5), this means that G r must be strongly affected by the radiative SP resonances. The common electrostatic approximation of the image dipole then fails, and it is possible that image dipole enhancement factors become non-negligible under these conditions. This factor could then play a decisive role in explaining the role of the polarizability of the probe in the total scattering cross section and, in particular, the fact that dyes are the most effective SERS probes in general.
G. Comparison with Surface Enhanced Fluorescence
In many cases, the emission from fluorophores very close to metal surfaces is strongly quenched by large non-radiative energy transfer. However, several recent experiments have evidenced fluorescence enhancements, for example close to Ag or Au surfaces [8, 9] . There still seems to be some debate about the origin of this enhancement and the exact conditions under which it takes place. Many of the arguments and tools developed so far can actually be adapted to the study of Surface Enhanced Fluorescence (SEF), and shed light onto this problem. This is also relevant to the problem of fluorescence quenching under SERS conditions. Fluorescence is very similar to scattering; it involves absorption of a photon, followed by emission. The same enhancement mechanisms as that derived for SERS are therefore expected. The absorption should be subject to the local field enhancements, and the emission is simply SE and should follow the same enhancements. The image dipole enhancement should also be present for absorption, but we neglect this aspect here for simplicity. The crucial difference is that SERS is instantaneous while fluorescence is a multi-step process. This means that both enhancements (local field and SE type) contribute to the SERS cross-section. For fluorescence, the local field enhancement does also lead to a modification of the absorption cross-section, but the SE-type enhancements only lead to modification of the decay rates (radiative and non-radiative). To put it differently, once a photon is absorbed and excites an electron in fluorescence, enhancements cannot lead to more energy being extracted from this electron, but only to energy being extracted faster.
To be more specific, we consider a fluorophore as in Sec. II E, with an absorption cross-section k 0 , a radiative rate Γ 0 , and a quantum yield Q 0 . We neglect here the shift between excitation and fluorescence energies. Under a given excitation, the photon flux is n 0 ∝ |E 0 | 2 and the power radiated by fluorescence in free-space is (in number of photons per unit time):
We have assumed here that the power is small enough to avoid saturation effects in the excited state. In this expression, k 0 n 0 is the number of photons absorbed per unit time. For each excited electron, the probability of being emitted radiatively is simply Q 0 . If the fluorophore is now close to a metal surface, we can use the same expression, with the modified quantum yield Q given by Eq. (13) . The absorption rate is also modified because the field intensity at the fluorophore position is now M Loc |E 0 | 2 . The fluorescence enhancement (or quenching) is then:
Moreover, in many cases, Q −1 0 − 1 can be neglected. This expression clearly identifies the sources of enhancement or quenching. There are in fact two competing mechanisms: (i) the first term, the local field enhancement M Loc , which in most situations of interest is larger or much larger than 1, and leads to enhanced fluorescence, and (ii) the second term which is the radiative efficiency of the emitter in electromagnetic interaction with the metal. This term is smaller (and sometimes much smaller) than 1 and corresponds to quenching. Quenching and enhancement of fluorescence are therefore two sides of the same problem. The various reports on quenching and enhancement of fluorescence are nothing but different situations where either the first or second terms in Eq. (34) dominates with respect to the other.
These aspects are illustrated in Fig. 6 , for the case of a silver sphere, where various cases of dipole orientation, sphere radius, and distance from the surface are considered. These plots show that the conditions for fluorescence enhancements depend on many parameters, and are in general not trivial to determine. There are however a few general observations:
• The region of fluorescence enhancement is relatively small compared to that of fluorescence quenching. It requires an efficient coupling to the radiative SP resonance of the sphere. This point had already been emphasized in Ref. [8] .
• The largest enhancement can in principle be obtained for the smallest sphere radii (see Fig. 6(c) ). This is the opposite conclusion to that reached in Ref. [8] , based on the idea that scattering is more dominant compared to absorption for the largest sphere. This re-emphasizes the fact that these effects are not simple and require a careful consideration of all enhancement and quenching factors.
• Increasing slightly the distance d between emitter and surface in general leads to higher fluorescence enhancements. This is because the local field enhancement does not change much at short distances, while non-radiative decay decreases sharply with d. For dyes adsorbed on the surface, varying d is not straightforward. However, for fluorescing quantum dots, d should depend on the size of the quantum dot, and a careful tuning could possibly lead to large fluorescence enhancements [9] .
IV. DISCUSSION
In view of the previous description of SERS within the framework of modified spontaneous emission, we can summarize the electromagnetic enhancement of the radiative SERS cross section as
where M Im is given by Eq. (31), M Loc is given by Eq. (18) (or Eq. (19) depending on the Raman tensor), M Rad is given by Eq. (10) (for detection along a specific direction), and with all the expressions evaluated at at either the laser (ω L ) or the Raman (Stokes or Anti-Stokes) frequencies (ω R ). The first two terms relate to the excitation part, while the last two to re-emission. Moreover, M Rad is related to M Loc for plane wave excitation using the ORT, in a way defined in the previous sections. We conclude this study by discussing briefly a few aspects of this expression that have been, in our opinion, not fully accounted for in the past.
A. Image dipole enhancement factors
A detailed discussion of this factor requires a full paper in itself. Our numerical simulations (not shown here) indicate that this factor contributes to a ∼ 10 3 enhancement at most. It is however important that this factor is the only one in Eq. (35) that involves the linear polarizability of the molecule. It can therefore be the natural origin for a number of characteristics in SERS. The fact that only dyes exhibit the largest SERS cross section (having large optical polarizabilities in the visible) comes as a natural consequence here. We only mention briefly too that this factor can explain the apparent resonance profile observed in many SERS experiments [15, 37] and can be of additional importance in Surface Enhanced Resonant Raman Scattering (SERRS).
B. Fluorescence quenching and the SERS continuum
We consider here the common case of a dye under SERS conditions. It is well known that fluorescence is strongly quenched when large SERS signals are observed. This should in principle be derived naturally within our framework. However, we have seen that SERS and SEF are in fact subject to the same local field enhancement factor and one could therefore expect the two to be correlated. In fact, combining Eqs. (20) and (34) we see that the SERS and SEF enhancement factors are directly related through M SERS = M Tot M SEF . In a typical SERS situation, M Tot can be very large, say 10 5 , and SERS enhancements are therefore much larger than fluorescence enhancements. This factor is still however much too small to offset the intrinsic larger efficiencies of fluorescence processes as compared to Raman, which typically differ by factors of ∼ 10 10 − 10 15 . We would therefore expect fluorescence to be enhanced less than Raman but still remain strong compared to Raman under SERS conditions.
To understand this apparent paradox we need to reexamine the situation of SEF under conditions of very high enhancement, where the total decay rate M Tot Γ 0 is many orders of magnitude larger than usual. When decay rates become comparable or smaller than the typical energy relaxation times, then the electron dynamics in the relaxation pathways is strongly modified. Very close to a noble metal surface M Tot can be ∼ 10 5 or higher. For a typical SE lifetime of a few ns, the modified lifetime would only be of the order of a few tens of fs or less, i.e much shorter than typical energy relaxation times in molecules. In this model, this would imply that absorbed photons do not have time to relax and are emitted at the frequency they were absorbed. Standard fluorescence would therefore be quenched and appears as an increase in Rayleigh scattering. Indeed, such enhancements have been reported under SERS conditions, but it is difficult to test whether they are true Rayleigh scattering or strongly modified fluorescence. Pushing this argument further, for the shortest decay times, the uncertainty principle would also imply that energy is not well defined in the intermediate levels of the relaxation path with a typical spread of 1600 cm −1 for times of 10 fs. The whole process would qualitatively result in a very broad emission from all possible intermediate virtual states. We propose that this could be the origin of the strongly debated SERS continuum, which is observed in many SERS experiments. A proper treatment of such extreme conditions however requires a full quantum mechanical study of absorption-relaxation-emission similar to that of Ref. [17] .
C. Non-radiative effects in SERS Finally, this approach also highlights the importance of non-radiative effects in SERS. In fluorescence, nonradiative effects manifest themselves as a reduced quantum yield, because of the competition between radiative and non-radiative decays. In SERS, because scattering is instantaneous, there is not such a competition, and radiative and non-radiative emission can occur independenly of each other. Similarly to SE, we can define a total (radiative+non-radiative) SERS cross-section (we ignore here M Im ).
Under SERS conditions, this cross-section can be much larger than the observable radiative SERS cross-section, as given in Eqs. (20) , (22) , or (35) . The difference corresponds to Raman processes resulting in emission of a Raman photon in the non-radiative modes of the metal. These Raman photons are obviously non-observable in the far-field, but they do corresponds to a real Raman event, and therefore to the creation or destruction of a vibration in the molecule. This total SERS cross-section is therefore the one that is relevant when studying phonon population dynamics, in particular effects such as vibrational pumping [38, 39] . This could make the much debated hypothesis of vibrational pumping more likely, since the cross-section for phonon pumping could actually be much larger than that inferred for the radiative SERS cross-sections in the far-field.
D. Conclusion
In closing, we have presented a consistent formulation of cross-section enhancements in SERS and fluorescence within the framework of modified spontaneous emission. The local field enhancements, and the competition between radiative and non-radiative decays have been shown to have different consequences for fluorescence and for scattering. This description provides a relatively simple way of designing and modelling metallic nano-structures for specific applications, either in SEF, or in SERS. The model also highlights the shortcomings of the usual |E| 4 -proportionality in the SERS cross section, often assumed in the literature, and provides a direct recipe for its calculation based on classical electromagnetic theory, self-reaction effects, and the optical reciprocity theorem. This approach could explain some of the longstanding puzzles in SERS like the presence of a SERS continuum, the increase in Rayleigh scattering simultaneous with SERS, and the peculiar ability of dyes to be very efficient probes. Full details of calculations using this EM SERS cross section with applications to other more complex and relevant geometries will be reported elsewhere.
